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ABSTRACT 

The impact is a phenomenon which is most 
significant in the field of multi-body dynamics, 
that is, the dynamics prevalent between two or 
more bodies, in close proximity, experiencing 
contact. This results in an impulsive force 
between the interacting bodies, depending on the 
geometry and the interaction properties, for an 
infinitesimal time duration. Simulating the impact 
phenomenon has formed an intrinsic part of the 
modern day technology in structural pounding, 
robotics and bio-mechatronic applications and all 
other engineering aspects involving contacts 
between two or more bodies. Literature, 
containing models for simulating the impact 
phenomenon, can be found from the time of 
Newton and, therefore, it is of utmost importance 
to understand which models give the ideal 
response for a system experiencing impact. This 
work only concentrates with the simulation of the 
post-impact response of two rigid bodies. Soft-
body impact, stress wave propagation and impact 
damage in composites are excluded from the 
scope of this paper. 

One of the most important aspect of 
structural pounding is the pounding of bridge 
segments, during a seismic event, causing 
catastrophic failures due to deck un-seating, 
torsional, shear failure of the columns and other 
local failures. Therefore, the post-impact 
behaviour of a bridge segment is extremely 
significant for the purpose of simulation, in order 
to estimate the failure possibility of the bridge. 
This simulation can be performed using both 
compliance based-models, having the compliance 
forces as the function of the penetration 
experienced, and also by non-smooth models 
which simulate the post-impact phenomenon 
using linear complementarity problem (LCP). 
However, the most conventional method, for 

analysing the post-impact response during 
structural pounding, has always been the 
compliance based methods.  

This work concentrates in the estimation of 
the ideal impact analysing model(s), among all the 
available general models dependent mainly on the 
coefficient of restitution, only in the normal 
direction. A critical comparison is carried out on a 
unified non-dimensional frame, so that the models 
can be compared on the same platform. The ideal 
model(s), critically achieved, is further deployed 
to simulate the response of a straight bridge under 
a seismic event. The straight bridge is idealised as 
a single degree of freedom system, having a lump 
mass or inverted pendulum configuration. This 
work will help in understanding the efficiency of 
each model, for the purpose of impact analysis, 
and also in forming a guideline for the most 
efficient method(s) that can be used to simulate 
the response of the system, experiencing structural 
pounding. 

Key Words: Multibody dynamics; 
Structural pounding; Impact analysis; Unilateral 
Contact. 

 

1 INTRODUCTION 

Impact occurs when two or more bodies 
comes in contact, with each other, for an 
infinitesimal time duration, resulting in different 
responses depending on the various material 
properties, the geometry of the bodies and also the 
individual pre-impact conditions. The study of the 
dynamic systems is known as the multibody 
dynamics, which can be further defined as the 
system of multiple bodies where the system’s 
relative motion, due to the external force, is 
constrained by the constituent kinematic pairs [1-
3]. The forces, acting on the multi-body system, 
may include inertia or gravitational forces, state-
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dependent forces, concentrated forces or others 
and often result in impacting events [4-7]. The 
impact phenomenon may eventually lead to 
failure due to vibration, load propagation, fatigue, 
cracks, wear and other detrimental events leading 
to the inefficient functioning of the system. The 
pioneer works in this field can be found more than 
a century ago and still has a significant 
importance in the modern research and other 
engineering activities [8-13]. 

In the present days, the most challenging 
aspect, for engineers, lies in the selection of the 
most suitable constitutive model for the impacting 
system in hand, due to the influential geometries 
and kinematics of the bodies under impact [14-
16]. The other challenges include estimation of 
the influential contact parameters [4, 17, 18] and 
the quantification of the energy transfer [19-21]. 
The first ever method was proposed by Hertz [22, 
23] based on the linear spring model and was 
completely elastic in nature, with no energy 
dissipation. Over the century, many other models 
have been developed, to achieve the desired 
coefficient of restitution, impulse and energy loss 
according to Newton’s laws, leading to the 
different compliance and non-smooth models. The 
main problem lies with the selection of the 
appropriate contact parameters for complex cases 
[24, 25] and also in the introduction of iterative 
high-frequency dynamics, which needs a 
significant reduction of step time, and thus, 
greatly increases the total simulation time [26].  

The main disparity in the models lies in the 
identification of the contact points and the 
penetration of the bodies under impact. The 
geometric constraint-based models, determined 
through Lagrangian multipliers [27], experience 
co-incident contacting points [7]; whereas, a 
certain amount of penetration of the impacting 
bodies is allowed with the penalty method [28] 
and absolutely no penetration in the case of the 
non-smooth system.  One of the most important 
aspects of all the non-smooth and compliance 
models is that they belong to a system of rigid 
body impact. When the net deformation is 
negligible in comparison to the total dynamics of 
the body, the body can be classified as a rigid 
body [29]. The first ever experimental test was 
conducted by Mier et al. [30] who analysed the 
response of an inverse pendulum, under impact, 
for different shapes of the impactor. The 
applications of the multibody dynamics and the 
impact phenomenon range from the modelling of 
the civil and infrastructural applications, such as, 
bridge segments [31-36] or closely spaced 
buildings [37-41] to the modelling of granular 

structures, like, sand, clay and others, that is, in 
the simulation of the contact problem experienced 
in the Discrete Element Method [42-44] and 
others. In the modern days, the application field 
has even extended to the field of robotics [45-47], 
bio-mechatronics [48-52], simulating systems 
with smooth particle hydrodynamics [53-55] and 
many others. 

One of the major fields of application, of 
the problem of contact mechanics, include 
bridges, where, the challenge lies in the 
formulation of the responses in a robust way that 
is valid for most of the cases of impact. They have 
always been the main aspect of the highway 
infrastructure. Several severe earthquakes have 
resulted in the structural damage of many bridges 
due to pounding between the bridge segments and 
the abutments. The pounding or impact is caused 
when the out-of-phase vibration of the deck, 
caused by the earthquake, is higher than the at-rest 
separation or gap, which is generally around 4 cm 
[56, 57]. 

Severe structural damages in bridges and other 
structures, in close proximity, were primarily 
recorded in the San Fernando earthquake in 1971 
[58, 59], which was followed by several such 
disasters during the Loma Prieta earthquake in 
1989 , the Northridge earthquake in 1994 [59, 60], 
the Chile earthquake in 2010 [61], the Japan and 
Christchurch earthquakes in 2011 [39, 41, 62, 63] 
and the Nepal earthquake in 2015 [64]. These 
failures have motivated many researchers to 
analyze the response of the structures, 
experiencing pounding, during earthquakes. 

This has led to the application of impact 
models in analysing the pounding responses of 
bridges. The impact phenomenon is in general 
modelled with the help of compliance methods 
and thus leads to a subsequent time lag. This has 
led to the development of an alternate method, 
known as the non-smooth method, which uses 
unilateral contact theory to calculate the response 
of structures under impact. Moreau [65] and 
Panagiotopoulos [66] were the first to implement 
this method which involved the impact laws, in 
the inequality form, that can easily be transformed 
into linear complementarity.  

This work deals with the critical study of 
the different available impact models in the 
normal direction. The main aim is to conclude the 
most efficient and accurate model for simulating 
the response of a multi-body system experiencing 
impact, a process analogous to previous study 
[67]. This finding is further used to simulate the 
response of a straight bridge-abutment system, 
idealised into a system having single degree of 
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freedom;  process which is again adopted from 
previous studies [33, 68]. This work will help in 
understanding the most accurate model, as far as 
simulating the rigid multibody system is 
concerned, and in understanding the response of a 
straight bridge, idealised as an inverted pendulum, 
experiencing impact, when simulated with the 
most ideal model. 

2 COMPARATIVE STUDY BETWEEN 
THE EXISTING MODELS 

The pioneer in the study of contact 
kinematics was Hertz [22, 23, 69], who studied 
the effects due to contact of two perfectly elastic 
bodies, back in 1881[69]. This theory, famous as 
the Hertzian contact theory, was invented while 
studying the fringes of the optical interface in 
between the two lenses and the possible 
deformation of the surfaces of the lenses due to 
contact[70]. The law proposed by Hertz can be 
expressed as: 

 nF Kδ=   (1) 
where, 3 2n = , n being the non-linear power 
exponent, F is the contact force,δ stands for the 
indentation experienced and K represents the 
parameter for contact stiffness. The main feature 
of the model is the dependency of K on the 
material properties and geometry of the surfaces 
in contact [71]. Thus, the stiffness parameter 
varies with the variation in the geometry of the 
impacting surfaces. Many more advancements 
were made in the elastic non-linear and linear 
models with studies having variation in stiffness 
parameters with respect to the geometry [72], 
dependency of the model on the plastic 
deformation or indentation [72], application in 
spur gears [73] and many other fields. 

Further modification led to the 
development of models dependent on the area of 
impact. The first model proposed  was [74]: 

 *2
a

AF E
r
δ

π
=   (2) 

where, A is the impacting area and ar is the 
average radius from the centre of the polygon. 
This was followed by further developments where 
different kinds of surfaces were accommodated in 
the models. 

Studies showed that energy dissipation, 
during the compression and expansion stages of 
the contact, is always experienced in the practical 
field. Thus, the Hertzian contact model and the 
ones evolved from it failed to accommodate this 
dissipation criterion, which characterises the 

events of a mechanical structure under impact 
[18]. The type of such models is known as Kelvin 
model and the first ever energy dissipative model 
in contact mechanics was the Kelvin-Voigt’s 
approach [70], which can be stated as: 

  
 F K Cδ δ= +    (3) 

where, the initial term of the right-hand side 
(RHS) of the equation represents the linear force 
component in the elastic state and the second half 
of the RHS corresponds to the energy dissipative 
part of the contact. The termC  represents the 
coefficient of damping,δ is the indentation 
experienced andδ is the relative velocity, during 
impact, in the normal direction. Further 
development was carried out by Anagnostopoulos 
[37] who modified the first model into a model 
that can be used for studying the pounding of 
adjacent buildings, during severe earthquakes. 
The model proposed was: 

 F K Cδ δ= +   (4) 
where, 2 2C KMξ ξω= =  and 

( )2 ln NC KMε= , with ξ  being the damping 
ratio andω is the natural frequency. 
Advancements were made on the same type by 
Goyal et al. [75, 76] and Brogliato [71]. 

Although many models were proposed 
based on the linear kelvin element, the models 
lacked realistic and physical approach. This 
requirement led to the inclusion of the non-linear 
element into the linear equation of Kelvin. 
Kuwabara et al. [77] proposed the first Hertz-
damp model, which is independent of the pre-
impact velocity of the colliding bodies. The model 
was used to predict the coefficient of restitution 
for two colliding spheres and can be represented 
as: 

 n mF K Cδ δ δ= +    (5) 
where, the indices 3 2n = , 1 2m =   and C  can 
be calculated from: 
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 (6) 

The pre-impact velocity, which is the 
velocity with which the bodies approach each 
other, has considerable potential to change the 
response of the entire multi-body system, under 
impact. They proposed a model combining the 
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non-linear viscoelastic component and the linear 
Hertz law, which can be stated as: 

 n mF K Cδ δ δ= +    (7) 
where, 3 2n m= =   and ( )3 1 2NC Kε δ −= −  , 

δ −  is the pre-impact relative velocity and K is the 
parameter of the contact stiffness having the same 
value as the one proposed by Hertz. This type of 
contact model is still the most used and have thus 
experienced maximum evolution till the model 
proposed by Khatiwada et al. [78] as: 

 n mf K Cδ δ δ= +    (8) 
where, 3 2n m= =   and 

( ) ( ) ( )( ) ( )( )1 ln 1N NK C K C K Cε δ δ δ ε− − −+ = + −  

 . The continuous models have proved their 
inability in calculating the exact same coefficient 
of restitution and the same impulse after 
completion of the contact phase. This led to the 
development of an alternative impact model 
considering for Hertz-damp element, which was 
known as the piecewise method or the multi-linear 
gap element. Valles and Reinhorn [79] model 
experiences energy dissipation in two different 
contact phases and thus, consists of two separate 
contact stiffness parameters, without any damping 
constant. The model can be represented as: 

  

 
( )

( ) ( )
1

2

0

0P

K
F

K

δ δ

δ δ δ

 >= 
− ≤




  (9) 

where, Pδ  is the remaining displacement 
experienced by the model. Jankowski [80] further 
modified the piecewise model and incorporated 
the non-linear damping element, for the purpose 
of simulating the results of structural pounding, 
induced by earthquakes. The proposed model can 
be given as: 
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where, 2 effC KMξ=   and 

( )25 1 2N Nξ ε πε= −  when the relationship 
between the rebounding and approaching 
velocities and 

( ) ( )( )29 5 1 2 9 16 16N N Nξ ε ε ε π= − − +  
when the restitution period’s relative velocity and 
also the relationship between the post and pre-
impact velocities are considered. 

The main drawbacks of the compliance 
method based models are the time lag 
experienced, making it non-suitable for 
instantaneous contacts, and the compulsion of the 
velocities and positions to be continuous with 
time. This problem can be addressed by the non-
smooth technique where neither the model 
experiences any time lag nor there is any 
compulsion of smooth time evaluation of the 
velocity and position. According to Newton, the 
solution of linear complementarities is 0Nυ =  

because 0Nδ
− < , which yields: 

 
( )1N N N

N N N

Mε δ

δ ε δ

−

+ −

Λ = − +

= −



 
  (11) 

Hence, Eq. (11) gives the relationship of the 
impulse ( )NΛ  and the post-impact velocity 

( )Nδ
+  with the pre-impact velocity ( )Nδ

− . Another 
law was proposed by Poisson and the solution of 
linear complementarity is 0NPΛ =  

because 0Nγ
− <  , which yields: 

 
N N N

NE NP N NC

N NM

δ ε δ
ε

ε δ

+ −

−

= −
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= −

 



  (12) 

So, the total impulse throughout the Poisson’s 
impact process is: 

( )1
N NC NE N N N

N N

M M

M

δ ε δ

ε δ

− −

−

Λ = Λ +Λ = − −

= − +

 


  (13) 

A detailed evolution of each type of contact 
model with the proper description of each is 
provided in the study done by Banerjee et al. 
[67]. A detailed critical analysis of the model, on 
a single non-dimensional frame, shows the 
accuracy and efficiency of each model and 
eventually provides the most significant and 
efficient one. 

Figure 1 represents the impulse obtained as 
an output when the non-dimensional force and 
time are compared for all the available models. 
Impact models, which represent the models 
capable of calculating the response of a multi-
body system under impact, are generally 
considered to be ideal when, after experiencing 
the energy dissipation, the final coefficient of 
restitution is exactly similar to the initial value 
previously assumed for solving the governing 
differential equation of motion. Another important 
aspect of an ideal model is that the value of the 
post-impact impulse being analogous to Newton’s 
law [81]. This also implies that the area of the 
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hysteresis loop, derived from plotting the force 
and displacement of the impacting body, which 
equals the energy lost, should be equal to the 
value obtained according to Newton’s 
formulation.  

0

0.75

1.5

2.25

Impulse (Ideal=1.5)  
Figure 1: The post-impact impulse, obtained from the 

study between the dimensionless force and time, 
observed in each model 

Most of the models are observed to fail in 
meeting the criterion calculated from the 
Newton’s law and thus lack practicality and 
usability. Although, no models were exactly 
found to replicate the exact response, the models 
proposed by a few authors can be classified as the 
most plausible ones. Figure 2 represents the 
response of the system in the form of the post 
impact energy loss when the dimensionless force 
and displacement are studied for the different 
models in order to calculate the final area of the 
hysteresis loop. 

0

0.25

0.5

0.75

Hysteresis Area  
Figure 2: The post-impact energy loss, obtained 
from the study between the dimensionless force 

and displacement, resulted from each model 

The final or post-impact coefficient of 
restitution, given by the models, can be calculated 
from the study conducted between the non-
dimensional force and time. Figure 3 represents 
the comparison of the various coefficient of 
restitutions obtained by the models.   

0

0.75

1.5

Coefficient of Restitution  
Figure 3: The post-impact coefficient of restitution, 
obtained from the study between the dimensionless 

force and time, given by each model 

Figure 4 illustrates the percentage of error 
experienced by each available system when the 
coefficient of restitution is 0.25. The error 
calculation is performed over four different values 
of coefficient of restitution (0.25, 0.5, 0.75 and 1) 
and the plotted values correspond to the most 
unstable value of coefficient of restitution. 

0.00
20.00
40.00
60.00
80.00

100.00
120.00
140.00
160.00
180.00
200.00

Impulse Error % Error % in Energy Dissipation Error % in Cofficient of Restitution  
Figure 4: The percentage of error observed in each 
model, for all the three responses, when compared 

with Newton’s law 

It can be observed that the model proposed 
by Anagnostopoulos has the best response among 
all the available compliance models; although, the 
only great disadvantage of the model is the 
impractical aspect of negative force attained at the 
end of the expansion phase. Thus the most stable 
models can be inferred to be those proposed by 
Brogliato and Jankowski.  

In spite of all these advantages, the models 
fail to perform when the coefficient of restitution 
tends to zero, i.e., for the cases which can be 
classified as the completely plastic collisions. 
Moreover, the small variation in the most suitable 
models can also be inferred as inappropriate for 
precise cases. These issues can be directly 
eliminated by considering unilateral contacts.  

3 IDEALISED SYSTEM FOR 
STUDYING THE RESPONSE WITH 
THE IDEAL MODEL 

A longitudinal earthquake is assumed to 
affect a straight bridge and abutment system, as 
illustrated in Figure 5. The structure is simplified 
into a SDOF system, demonstrated in Figure 6, 
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experiencing a base excitation due to the 
earthquake. The response spectrum for analysis is 
adapted according to Eurocode 8 (1994) [31]. The 
spectrum compatible artificial accelerogram is 
represented in Figure 7. 

Bridge 
deck

Gap

Abutment

Columns of the Bridge

Movement of the deck during earthquake due to impact

y

x

Fixed supports  
Figure 5: Illustration of a bridge-abutment system, 

having straight orientation 

 
A standard straight bridge with a length of 

50 m and a width of 20 m is considered for the 
analysis. The thickness of the bridge is considered 
to be 0.5 m with equal columns of 15 m height 
and 0.4 m radius. The deck and the columns of the 
bridge are idealized into a single fixed to fixed 
column supporting the lump mass of the bridge, 
for representing it as a single degree of freedom 
system. A structural damping of 5% for concrete 
is also considered for the analysis, as commonly 
adopted [57]. 

IDEALISED SINGLE 
COLUMN OF THE BRIDGE

DECK OF THE BRIDGE IDEALISED 
INTO A SINGLE SPHERE

GAP

ABUTMENT

FIXED SUPPORT

MOVEMENT OF THE DECK 
DUE TO THE EARTHQUAKE

EARTHQUAKE MOTION

 
Figure 6: Idealisation of the straight bridge-abutment 

structure into a single degree of freedom system 

The equation of motion of the system under 
study is: 

 2Mu Mu Ku Mugξω+ + = −     (14) 
where, M is the mass of the system, u is the 
displacement in the longitudinal direction,ξ is the 
damping coefficient, K is the lateral stiffness of 
the column andω is the frequency. The response 
of the bridge is analysed for different structures 
with various gaps and columns. A comparative 
study is carried out for the straight bridge with 
different coefficients of restitution, namely 0.2, 
0.4, 0.6, 0.8 and 1. For each value, the gaps of 
0.01, 0.03 and 0.05 along with a non-impacting 
case were considered. All the cases were 

considered for a bridge having 6, 9 and 12 
columns. 
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Series1
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(g
)

Time  
Figure 7: Earthquake motion, used for the analysis, 

which is spectrum compatible [82] 

4 RESULTS AND DISCUSSIONS 

The non-smooth method, incorporating 
unilateral contact, observed to be the most 
accurate for simulating the phenomenon of impact 
of rigid segments, is used to analyze the response 
of the system in consideration. The response of 
the equivalent single degree of freedom, bridge 
deck-abutment, system is analysed by comparing 
the displacement, velocity and acceleration time 
histories of the impacting system. The responses 
are compared for systems with different 
coefficients of restitution, gaps between the deck 
and the abutment and the number of columns. The 
gap between the deck and the abutment is varied, 
in order to understand how the responses vary for 
the different kinds of impact cases and also for the 
case of no impact. Similarly, the number of 
columns are varied to understand the effect of 
stiffness on the responses. The simulation is an 
extension of the work carried out by Chanda et al. 
[68] with the main difference being in the number 
of columns. The number of columns was assumed 
to a single entity without any change; whereas, in 
the present work, the number of columns are 
varied as well. 

Figure 8 illustrates the variation observed 
when the displacement time history is plotted. The 
increase in stiffness can be observed to reduce the 
amount of displacement. The maximum amount 
of displacement can be observed when the gap is 
extremely small and with less number of columns. 
The lesser the gap the more is the possibility of 
displacement, therefore signifying the fact that the 
bridge becomes vulnerable when the gap is very 
small (e.g. 0.01 m). For more realistic cases (e.g. 
0.03 m and 0.05 m) the displacement increases 
gradually with the increase in gap. 
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Figure 8: Displacement-time history of the bridge-

abutment system with different coefficients of 
restitution for different gaps and columns 

Figure 9 illustrates the time history analysis 
of the post-impact velocity experienced by the 
system under consideration. A similar response is 
observed with the maximum velocity being 
experienced when the gap between the deck and 
the abutment is 0.01 m. Also, increase in stiffness, 
results in lesser post-impact velocity of the 
structure. 

 

 
Figure 9: Velocity-time history of the bridge-abutment 

system with different coefficients of restitution for 
different gaps and columns 

Figure 10 shows the variation in the 
acceleration of the straight bridge segment due to 
impact with different coefficients of restitution 
and gaps. It can be observed that the duration of 
the acceleration fluctuation increases with an 
increase in the coefficient of restitution for a 
given gap. It can also be observed that the 
fluctuation is the highest when the gap is 
minimum (0.01 m), although, in the other cases, it 
increases with the gap; a result which is obtained 
because of the repetitive pounding experienced by 
the deck. 

 

 
Figure 10: Acceleration-time history of the bridge-

abutment system with different coefficients of 
restitution for different gaps and columns 

With the number of columns being 9, the 
structure fails to give response for the entire 20 
seconds of the earthquake motion. This is a 
phenomenon which requires further investigation. 
For other gaps (0.03 m and 0.05 m), it behaves 
analogous to the cases experienced by structures 
having 6 and 12 columns. In the case of no-
impact, the response of the bridge is also quite 
high, when compared to those with gaps of 0.03 m 
and 0.05 m, and is independent of the coefficient 
of restitution. 

5 CONCLUSION 

A proper critical evaluation of the 
efficiency of the available impact response 
analysing models, in the normal direction, have 
been presented to find out the most efficient one. 
Generally, the errors in compliances model 
increase with the decrement of the coefficient of 
restitution and solution of most of the Hertzian 
model becomes unstable for the purely plastic 
collision; however, the non-smooth models and 
Kelvin elements are stable in all ranges of 
coefficients of restitution.  

The most practically efficient model was 
observed to be non-smooth and was used to 
simulate the seismic response of a straight bridge 
abutment structure, idealised into a single degree 
of freedom system. It can be observed that the 
vulnerability of the bridge increases with the 
increase in the coefficient of restitution because of 
energy loss. Also, an increase in the velocity was 
observed with the increase in gap; although, it is 
very high for very small gaps. The increase in the 
number of columns results in the bridge becoming 
safer due to the increase in stiffness. The no-
impact case has a very smooth response similar to 
the earthquake excitation, though amplified. Thus, 
a low coefficient of restitution leads to more 
energy dissipation and is preferable for bridges to 
be safe, the bridge-abutment gap should be 
standardized to around 0.03 m and the number of 
columns should be maximized for a particular 
design. 
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